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An ana lys i s  is  given for  the solution to a s y s t e m  of equations desc r ib ing  the separa t ion  in 
a liquid the rmal -d i f fus ion  column,  Simi lar i ty  number s  a r e  der ived  for the effects  of con-  
cent ra t ion  and the rmal  expansion on the separa t ion .  A method is given for  calculat ing the 
the rmal -d i f fus ion  constant  that e l iminates  the effects  of concentra t ion on the densi ty.  

The concent ra t ion  dependence of the densi ty has  [1] a cons iderable  effect  on the separa t ion  of liquid 
organic  m ix tu r e s  by thermograv i ta t iona l  diffusion. The J o n e s - F e r r y  theory  [5] has  fo rmed the bas i s  of 
all  p rev ious  t r e a t m e n t s  of liquid separa t ion  that take this effeet  into account  [2-4]. The theory  is appl icable  
only to isotopic m i x t u r e s  and contains numerous  s impl i fying a s sumpt ions ,  whieh have s ince been only pa r t l y  
conf i rmed.  Here  we consider  the separa t ion  of a b ina ry  liquid mix tu re  by d i rec t  solution of the equations 
of gas dynamics  with allowance for  the concentra t ion dependence of the density.  The method of [6] is used,  
which leads  to essen t ia l ly  new r e su l t s .  

Cons ider  a b inary  mix tu re  in a p lanar  column c losed a t  both ends (height 2l, working gap 2d, d << l) .  
The lef t  wall  is kept  cooler  than the r ight  one, and the t e m p e r a t u r e  d i f ference  a c r o s s  the column is 20. The 
following convect ion equations [71 define the s t eady - s t a t e  dis t r ibut ion of the velocity,  t e m p e r a t u r e ,  and con-  
c entra t ion 
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V v = O .  

P a r a m e t e r s  v, fl, T, • D, and a in (1) a r e  taken as  constant  and a r e  calcula ted for  mean  values  of 
the t e m p e r a t u r e ,  p r e s s u r e ,  and concentrat ion.  The boundary conditions a r e  as  follows for  the p lanar  p r o b -  
l em in x - z  coordina tes :  
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Fig.  2 

F ig .  1. Dependence  of  n on R s / G r  f r o m  (10). 

F ig .  2. Hor izon ta l  concen t r a t i on  p ro f i l e  ca lcu la ted  
f r o m  (7) fo r  n -hep tane  mixed  with benzene  (mole f r a c -  
t ion c o of  heptane  0.335); Gr = 13.8;  R = 132; S m =  176; 
s = 1 . 6 8 . 1 0 - 2 ;  n = 1.53. 

We can  put  u = 0 as  d << I and end ef fec ts  a r e  neglec ted .  We a l so  a s s u m e  that  the t e m p e r a t u r e  does  not  
v a r y  a long  the ve r t i c a l  coo rd ina t e  z,  that  the t h e r m a l - d i f f u s i o n  t e r m  can be put as  ( a / T 0 ) c ( 1 - c ) ( 0 T / D x ) ,  
and that  c ( 1 - c )  = cons t  in the in tegra t ion .  

Then  s y s t e m  (1) can  be r educed  to the fol lowing,  w h e r e  the unknowns a r e  r e p r e s e n t e d  in d i m e n s i o n -  
l e s s  f o r m :  

dP __#v + Gr T + Rc --.0, 
- -  d--[  + d x  ~ 

d2--T = 0 ,  (3) 
dx ~ 

Oz Sm \ Ox 2 dz ~ ] 

The  sca l e  f a c t o r s  fo r  d i s t ance ,  ve loc i ty ,  t e m p e r a t u r e ,  and p r e s s u r e  a r e  d, u / d ,  O, and pov2/d 2. 

The  above  a s s u m p t i o n s  give the fol lowing f o r m  to boundary  condi t ions  (2): 

v(-1)  = v(1) =0, 

7 ( - i ) = - 1 ,  7(1)=I ,  

[ o-~--s 1_,,, =o, (4) 
1 

S vdx =0 ,  
- - 1  
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The  fol lowing f o r m  can  be given to the solut ion to (3) and (4): 

T =x, (5) 

2 Gr+Rs  [ n ( l + x ) s i n ~ 2 2 _ ( l _ x ) _ s h  n n ] ~(x)= ,T shV~n+sinV~n Sh--v~ F-~0--x)s~.~-2(1 +x) , (6) 

Gr 

n (1- -x) - -ch  n - -x)  cos n c(x; z)= • - -  - ~ -  n sh I /2n + sin V fin ch (1 + x) cos ~-~ ~=~ (1 + x) . (7) 

Th i s  is s o m e w h a t  m o r e  convenien t  fo r  ana lys i s  than the f o r m  given in [6]. 
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One can obtain the resu l t  of pass ing to the l imi t  7 ~ 0 in (6) and (7) if the functions in these exp re s -  
sions a r e  expanded as se r ies  in the small  p a r a m e t e r  n, which gives known express ions  for the velocity and 
concentrat ion distr ibutions without allowance for the effect  of the concentrat ion on the density: 

v(x)= Gr -~- x ( 1 -  x~), 

c(x; z)=xz-ksx-- Gr Sm~r ( x5 - +)  ~ - +  

The longitudinal concentrat ion gradient  >t is constant  and is defined by the las t  boundary condition: 

1 

~ vcdx = 2x. 
Sm 

0 

(6a) 

(Ta) 

(s) 

Integrat ion of (8) gives 

( _ ~ _ )  (_~ )chr 2 R ( G  r )2 shlfl2-n sin F 2n 2n 4 "2 Gr -ks -k 21/5Gr -ks 
R Srn 2 n' n ~ s~ /~n  ~ n' R -  -k s (shV2n -k sinVr2-n) ~ 

-k 1 R ( Gr -ks)" ch l /2n- -cosV'2n  (9) 
~--R-- _ sh t f2n -k sin ~/2n 

We have (2n4/RSm 2) << 1, and the t e rm  is much less  than the t e rms  on the r ight  in (9), for  liquids 
with rea l i s t ic  t empera tu re  gradients ,  and so (9) can be put as  

(5-k Rs ] I ch,r2n--cosr [1-k Rs~ sh r  
Gr ] l f 2n  sh t/'2n + sin V/-2n - -  2 (10) Or ] (shr =2, 

when one gets n and hence ~t. It follows d i rec t ly  f rom (10) that ~ is governed by R s / G r  = [aco(1-co)lv/t3T o 
for  a liquid; in pa r t i cu la r ,  it  is not dependent on 0. We can consider  R s / G r  as  a s imi la r i ty  number  for  
thermal  diffusion. Figure  1 shows n (Rs /Gr ) .  

The concentra t ion dependence of the density thus a l t e r s  the longitudinal concentrat ion gradient  and the 
t r a n s v e r s e  concentrat ion distr ibut ion,  which cas ts  doubt on the conclusion [4] that there  a r e  no such effects ,  
which was drawn f rom a computer  solution to a sys tem of equations for a liquid mixture  in a the rmal -d i f fu -  

sion column. 

We pe r f o r med  a numerica l  calculat ion for benzene + n-heptane with allowance for the concentrat ion 
dependence and found that it  reduced the longitudinal concentra t ion gradient  by 12% and the ma~dmum t r ans -  
ve r s e  d i f ference  between the concentrat ions by 8%. 

F igure  2 gives the t r an sve r se  concentrat ion dis tr ibut ion given by (7). The curve  re la tes  to a p a r t i c -  
u lar  mix ture ,  but the form is la rgely  independent of this for l iquids,  though its shape is ve ry  dif ferent  
f rom that for  gases [6], which conf i rms a numer ica l  calculat ion [4] for the nonstat ionary state.  The liquid 
curve  has a special  shape because  the diffusion t e rm  on the r ight  in (8) is small  for  a liquid whereas  it is 

substantial  for  a gas. 

Our solution takes account of the concentrat ion effect  and allows one to calculate the thermal-di f fus ion 
constant f rom resu l t s  for a column: one de te rmines  the ver t ica l  concentrat ion gradient  ~, f rom which n is 
calculated,  which is used with the curve  of Fig. 1 to find R s / G r ,  which ~ v e s  a .  
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N O T A T I O N  

is the veloci ty  of mixture ;  
is the horizontal  component of veloci ty;  
is the ver t ica l  component of veloci ty;  
a r e  the deviations of t empera tu re  and concentra t ion f rom initial mean values of T o and Co; 
a r e  the deviations of p r e s s u r e  and density f rom their  equil ibrium values a t  T o and Co; 

is the kinematic viscosi ty;  
is the thermal  expansion coefficient;  
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"y = - l / P o ( ~ P  / a e ) T ;  P 
k 
X 

D 
o~ 
Gr = gi ld30/  /)2 
R = g~/d3/p2 ; 

S m =  tJ/D 
•  ~ c / ~ z ;  

s = ( ~ 0 / T o ) c o ( 1 - c o ) ;  
n 4 = gTd ~ / v D  

is the coefficient for concentration effect on density; 
is the unit vector along z axis; 
is the thermal diffusivity; 
is the diffusivity; 
is the thermal-diffusion constant; 
is the Grashof number; 

is the Schmidt number; 

is  the d i f fus ion Rayle igh  number .  

LITERATURE CITED 

1. 
2. 
3. 
4. 
5. 
6. 
7. 

J. Prigogine, L. de Brouckere, and R. Amand, Physica, 16, 577, 851 (1950). 
J. D. Baldeschwieler, Am. Inst. Chem. Eng. J., 7, 34 (1961). 
F. H. Horne and R. J. Bearman, J. Chem. Phys.7 37, No. 12 (1965). 
W. I. Korchinsky and A. H. Emery, Am. Inst. Chem. Eng. J., 13, No. 2 (1967). 
C. Jones and A. Ferry, Isotope Separation by Thermal Diffusion [Russian translation], IL (1947). 
S. B. Gerasimova, Inzh.-Fiz. Zh., 5, No. 7 (1962). 
I. G. Shaposhnikov, PMM, 17, No. 5 (1953). 

543 


